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Nondestructive Determination of Buckling for Plates and Bars
Including Shear

Menahem Baruch¤

Technion—Israel Institute of Technology, 32000 Haifa, Israel

It will be shownthat thegeneric integralequationfor nondestructivedeterminationof thebucklingloadsobtained
previously (Baruch, M., “Integral Equations for Nondestructive Determination of Buckling Loads for Elastic Bars
and Plates,” Israel Journal of Technology, Vol. 11, No. 1–2, 1973, pp. 1–8) includes the in� uence of the transverse
shear strains on the buckling load. This can not be said for the integral equations obtained by differentiation of
the generic integral equation.

Introduction

T HE integral equations for nondestructive determination of
buckling loads for elastic plates and bars have been derived,

for example, in Ref. 1 (in which one can � nd many references con-
nected with the discussed subject).These equations have been used
for nondestructive determination of elastic columns,1;2 elastic � at
plates,3 and damaged composite plates.4 Piche5 presented an inter-
esting theoretical developmentusing integral equations. Segall and
Baruch2 applied an integral equation [Eq. (7) of Ref. 1] that was
obtained by differentiationof the generic integral equation [Eq. (6)
of Ref. 1]. The applied integral equation in Ref. 2 has symmetric
positive de� nite Green function and hence, nice analytical and cal-
culationproperties.1 However, as will be shown later, the symmetric
Green function, obtained by differentiation of the nonsymmetrical
generic Green function, does not include the in� uence of the shear
strains, whereas the generic Green function does. Fortunately, the
tested column in Ref. 2 was quiet � exible so that one could ignore
the in� uence of the shear strains on the magnitude on the buckling
load. On the other hand, Segall and Springer3 and Salunkhe and
Mujumdar4 applied intuitively the generic integral equation, and in
thisway they includedautomaticallythe in� uenceof the shearstains
on the magnitude of the buckling load. Note that the shear strains
can be important, especially for structures of composite materials,
even more so when the structure is damaged. Hence, it is important
to show theoretically that the generic integral equation takes into
account the shear strains. This is the main purpose of this paper.

Generic Integral Equation for Buckling
Load of Columns

In Ref. 1 the generic integral equation for buckling load of
columns was obtained by applying the Bernoulli–Euler law (see
Ref. 6) for the deformation of the beam section. In this way, the
in� uence of the shear strains on the deformation of the beam is
ignored. Here, the generic integral equation will be obtained by ap-
plying the Timoshenko7;8 assumption on the effect of the shearing
force on the critical load of the column (also see Refs. 9–12).

A Timoshenko-type column is constrained on the boundaries by
coupled elastic springs. The springs are de� ned by the spring con-
stant matrices ® and ¯ for s D 0 and 1, respectively,
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where ® and ¯ are symmetric positive matrices13 (Fig. 1). Axial
forces load the column. The stability equations and the boundary
conditionswill be obtainedby using the principleof minimum addi-
tional potential energy during buckling.14 In view of these assump-
tions one obtains1

±.U C V / D 0 (3)

where U is the strain energy and V is the potential of the external
load:
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where l is the span of the beam and N .s/ is the varying axial force
assuming compression to be positive.1 Hence,
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The strain energy for a Timoshenko beam is given by
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E is the varying modulus of elasticity, I is the varying moment
of inertia, Ã is the rotation of the cross section of the beam, k is
the varying shear factor, G is the varying shear modulus, A is the
varying cross section of the beam, and y is its de� ection. For an in-
teresting paper, connectedwith Timoshenko’s shear coef� cient, see
Hutchinson.15 Note that here the Green function v.x; s/ is obtained
from experiments, and the evaluation of the shear factor k is not
needed.Here . /t represents the transpose of a vector and J is given
as follows:
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By performing the variations, one obtains the following equa-
tions:
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Fig. 1 Elastically constrained Timoshenko beam loaded by axial forces.

Fig. 2 Equivalent Timoshenko beam.

Fig. 3 Beam loaded by a unit force.

with the boundary conditions, for s D 0,
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and, for s D l,
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Note that the eigenvalueappears, as expected, in the boundary con-
ditions, as well as in the stability equations.

Now, the Timoshenkocolumn loaded by axial forces, which gen-
erally appear in the boundary as well, will be replaced by an equiv-
alent Timoshenko beam loaded by a � ctitious external load of dis-
tributed forces of magnitude ¡d.N dy=ds/=ds per unit length and
two � ctitious concentrated forces of magnitude, ¡N .0/dy=ds and
CN .l/dy=ds, respectively.Note that the concentratedforces are ex-
ternal loads and not boundary conditions. The spring constants on
the boundaries have the same values as in the case of the original
column (Fig. 1). To avoid the necessity to distinguish between the
rotation of the cross section of the beam and the � rst derivative of
its de� ection, the equivalent beam proposed here is different from
the one proposed in Ref. 1. Note that, in the case of the equivalent
beam, no axial forces appear in the boundary conditions (Fig. 2).

It can be easily shown that the Timoshenko column of Fig. 1
and the Timoshenko beam of Fig. 2 are equivalent. To � nd the
equilibrium equationsof the equivalentTimoshenko beam, one can
again use the principle of minimum potential energy:

±.U C V / D ±U ¡

"
N

dy

ds
±y

­­­­­

l

0

¡
Z l

0

d

ds

³
N

dy

ds

´
±y ds

#
(11)

Note that the strain energy is exactly the same as in the case of the
Timoshenko column. By performing the integration, one obtains
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which is exactly the same expression obtained for the Timoshenko
column [see Eq. (5)]. It is clear that, after performing the necessary
manipulations, one would obtain for the equivalent Timoshenko
beam the same differential equations (9) and the same boundary
conditions (10) and (11) as for the original Timoshenko column.

In the case of the equivalentTimoshenkobeam (Fig. 2) theredoes
not appear any axial force, and the beam can be treated formally as
a linear structure.In this case the Maxwell–Betti reciprocaltheorem
(see Sokolnikoff6 and Hoff14/ is applicable and will be used to � nd
the kernel of the integral equation for the Timoshenko column.

The elasticallyrestrainedTimoshenkobeam is loadedonceby the
distributed load ¡d.Ndy=ds/=ds and the two concentrated loads
¡N .0/dy=ds and CN .l/dy=ds (Fig. 2) and once by a unit force
F D 1 (Fig. 3).

By applying the Maxwell–Betti reciprocal theorem, one obtains
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or from Eq. (13a),
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where y.x/ is the de� ection of the buckled column at point x due to
the compressive forces (Fig. 1) and v.x; s/ is the de� ection of the
beam at point s due to a unit force at point x .

By representationof N .s/ as

N .s/ D ¸n.s/ (14)

where ¸ is the required eigenvalue and n.s/ is a known function,
one obtains
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Equation(13b)or its equivalentequation(15) is the requiredintegral
equation for the calculation of the buckling load and is exactly the
same one obtained by applying the Bernoulli–Euler law for beams
[see Ref. 1, Eq. (6)]. Note that Eq. (13b) was obtained here for the
Timoshenko beam, and hence, it takes into account the in� uence
of the shear strain on the magnitude of the buckling load. The ker-
nel v.x; s/ can be found experimentally, for example, by applying
a force F at point x and dividing the measured displacements at
point s by F . Note that v.x; s/ satis� es the boundary conditions,
and therefore, their determination is super� uous. Once the kernel
is known, one can use one of the powerful numerical techniquesof
the integral equations to calculate the buckling load.2¡4;16¡20

Differentiation of Eq. (13b) in respect to x will give [see Ref. 1,
Eq. (7)]
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As shown in Ref. 1, when used by applying the Bernoulli–Euler
law forbeams,Eq. (16) has verynicemathematicalproperties.How-
ever, when the kernel @v.x; s/=@s includes the transverse shear
force, it becomes discontinuous in respect to s and especially in
respect to x (the place of the unit force). As will be shown, by dif-
ferentiation of v.x; s/ in respect to s and x , the in� uence of the
shear force on the magnitude of the buckling load can be partially
or even entirely lost. It will be also shown that, by differentiation
of v.x; s/ in respect to s only, the in� uence of the shear force on
the magnitude of the buckling load is still fully preserved. Hence,
as already indicated,Eq. (15) is a fundamentalexpressionand must
be used as it is.

Fig. 4 Cantilever beam column loaded by a constant axial force.

Fig. 5 Cantilever beam loaded by unit force.

Step 1: Cantilever Beam Column
A constant axial force N loads a cantilever beam column with

constant EI and constant kAG (Fig. 4). In this case n.s/ D 1, and
Eq. (15) becomes
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where N D Ncr is thecriticalload that causesthecantileverto buckle.
To calculate the kernel (Fig. 5), we will apply the basic constitu-

tive expressions of the Timoshenko beam theory

v D V m C V s (18)
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where V m and V s are the displacementscaused by the moment M
and the shear force S, respectively.

For s < x,

M D ¡x C s; S D 1 (20)

The boundary conditions are

s D 0 ! dV m

ds
D 0; v D V m C V s D 0 (21)

Solution of Eqs. (19) and (20) and ful� llment of the boundary con-
ditions (21) yields

v D .1=EI/.xs2=2 ¡ s3=6/ C s=kGA; s < x (22)

For s > x ,

M D 0; S D 0 (23)

The intermediate conditions are

x D s !
dV m left

ds
D

dV m right

ds
; vleft D vright (24)

By solution of Eqs. (19) and (20) and satisfactionof the interme-
diate conditions (24), one obtains

v D .1=EI/.x2s=2 ¡ x3=6/ C x=kGA; x > s (25)

It is clear here that the bending and shear displacements can be
separated to obtain, for s < x ,
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and, for s > x ,
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One can see from Figs. 6 and 7 that, although @V m.x; s/=@s
and @2V m.x; s/=@x@s are continuous,@V s.x; s/=@s is not and that
@2V s=@x@s is here even equivalent to zero. This means that, for
the cantilever beam column (Fig. 4), the solution of Eq. (17) will
incorporatethe in� uence of the shear strain on the magnitude of the
critical force, whereas in the solution of Eq. (16), the shear strain
will entirely disappear. Let us check this statement.

One can � nd that, for the case of a cantilever beam-column with
constant EI and kGA, loaded by a constant compressive force N ,
the eigenfunction is given7¡12 by

y.x/ D 1 ¡ cos.¼ x=2l/ (28)

It is easy to check that the eigenfunction (28) satis� es both
Eqs. (16) and (17). However, the critical loads are different. By
utilization of Eq. (16) one gets the classical buckling load obtained
by applying the Bernoulli–Euler law (see Refs. 6 and 8):

Ncl1 D EI.¼=2l/2 (29)

It is clear that in Eq. (29) the in� uence of the shear strain entirely
disappeared. On the other hand, Eq. (17) yields the buckling load
obtained by applying the Timoshenko beam-column theory (see

Fig. 6 Cantilever Timoshenko beam; Vm and its derivatives.

Fig. 7 Cantilever Timoshenko beam; Vs and its derivatives.

Refs. 7–12),

Ncr1 D
EI.¼=2l/2
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(30)

Step 2: Simply Supported Beam Column
A constant axial force N loads a simply supportedbeam-column

with constant EI and constant kAG (Fig. 8). In this case, as in the
case of the � rst step, the relevant expression is given in Eq. (17).

To calculate the kernel of a simply supported Timoshenko beam,
we will again use Eqs. (18) and (19) (Fig. 9).

For s < x ,

M D s ¡ .xs=l/; S D 1 ¡ .x=l/ (31)

For s > x ,

M D x ¡ .xs=l/; S D ¡.x=l/ (32)

The boundary and intermediate conditions are
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By solutionof Eqs. (19) and (20) and satisfactionof the boundary
and intermediate conditions (33–35), one obtains
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On can see that the bending and the shear displacements can be
separated to obtain, for s < x ,
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Fig. 8 Simply supported beam column loaded by a constant force.

Fig. 9 Simply supported beam loaded by unit force.
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and, for s > x ,
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One can see again (Fig. 10) that, although @V m.x; s/=@s and
@2V m.x; s/=@x@s are continuous, @V s.x; s/=@s is not. Here again
one expects that the solution of Eq. (17) would incorporate the
in� uence of the shear strain on the magnitude of the critical force
and that in the solution of Eq. (16) the shear strain would disappear
despite that (Fig. 11), surprisingly,@ 2V s.x; s/=@x@s is continuous
(constant).Again, let us check this statement.

One can � nd that, for thecaseof a simply supportedbeam-column
with constant EI and kGA, loaded by a constant compressive force
N , the eigenfunction is given by

y.x/ D sin.¼ x=l/ (40)

Fig. 10 Simply supported Timoshenko beam; Vm and its derivatives.

Asbefore,onecan � nd that expression(40)satis� es bothEqs. (16)
and (17). However, again, the critical loads are different.Utilization
of Eq. (16) yields the classical buckling load obtained by applying
the Bernoulli–Euler law (see Refs. 6 and 8):

Ncl2 D EI.¼=l/2 (41)

One can see that in Eq. (41) the in� uence of the shear strain
disappeared.Nevertheless, once again, Eq. (17) yields the buckling
load obtained by applying the Timoshenko beam-column theory7;8

(also see Refs. 9–12),

Ncr2 D
EI.¼=l/2

1 C .EI=kGA/.¼=l/2
D

Ncl2

1 C .Ncl2=kGA/
(42)

Step 3: General Case
From steps 1 and 2, it is clear that, due to the shear strain,

@v.x; s/=@s will also be discontinuous for the general case of a
Timoshenko beam. Hence, by use of Eq. (16), the in� uence of the
shear strain on the magnitude of the buckling load may diminish or
even disappear entirely. To ensure the full participationof the shear
strain on the magnitude of the buckling load, one has to use generic
equations (13) and (15).



BARUCH 2359

Fig. 11 Simply supported Timoshenko beam; Vs and its derivatives.

Formulation of the Integral Equations for Buckling
of Plates Using First-Order Shear Theories

Following the approach for the Timoshenko beam given earlier
and the approach given in Ref. 1, it is clear that the generic integral
equation for the buckling of a Mindlin–Reissner plate will be that
obtained by using the classicalKirchhoff plate theory. Note that the
Mindlin–Reissner plate theory is an extension of the Timoshenko
beam theory. For completeness, we will repeat here the generic
integral equation for the buckling of plates given by Eq. (22) of
Ref. 1:
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where w.x; y/ is the buckling mode shape, R.x; yI »; ´/ represents
the de� ections of the plate caused by a unit force applied at .x; y/,
.»; ´/ are the running Cartesian coordinates, and Nx , Ny , and Nx y

are the membrane varying forces that yield buckling. Compression
is assumed positive. It must be emphasized that R.x; yI »; ´/ auto-
matically ful� lls the required boundary conditions.

A special case arises when a constant force acts in one direction.
For example, if Nx D Nx0 is constant and Ny and Nx y are zero, one
obtains, from Eq. (43),

w.x; y/ D Nx0

Z Z

A

@ R.x; yI »; ´/

@»

@w.»; ´/

@»
dA (44)

To include the in� uence of the transfer shear strain on the mag-
nitude of the buckling load one must use the generic equations (43)
and (44) and not their derivatives.

Discussion
Eisenberger21 found that the differences in the de� ections cal-

culated by using Timoshenko beam theory and high-order beam
theory22¡27 “are for most cases insigni� cant.”21 Khdeir and Reddy27

came to a similar conclusion for the buckling load of beam-column.
Hence, it is natural to make the following assumption:

It is conjectured that the generic integral equations (13) and (43)
are valid also for high-order shear theories.

Conclusions
It was shown that the generic integral equations (13) and (43),

but not their derivatives, include the in� uence of the shear strain on
the magnitude of the buckling load.
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